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An unbalanced repair is a composite patch bonded to one side of a cracked structure for the purpose of preventing or
reducing damage growth in the substrate. A single-sided repair oﬀsets the load path within the structure, inducing out-of-
plane bending. This bending increases the stress intensity in the underlying crack and causes adhesive peel stresses and
bending of the repair which can, relative to a repair that is restrained against bending, lead to early failure. In this article
the authors correct the analysis of Wang and Rose [Wang, C.H., Rose, L.R.F., 1997. On the design of bonded patches for
one-sided repair. In: Proceedings of the 11th International Conference on Composite materials, Gold Coast, Australia, vol.
5, pp. 347–356] developed by using an energy analysis of a single-sided or unbalanced repair applied to a very long-crack,
to comply with Maxwell’s reciprocal theorem and to account for transverse normal and shear stresses at the crack tip and
the accompanying shear deﬂections. The authors then develop closed-form equations useful for bonded composite repair
design and damage tolerance assessment of cracks of arbitrary length by developing a new method for interpolation
between this long-crack limit and a short-crack limit based on the stress intensity and crack face displacements for an unre-
inforced crack. The interpolation method is then tested against an advanced line-spring model that has been created by
using a 6th order generalized plane strain plate formulation in extension and a new 8th order formulation in bending, thus
allowing for the inclusion of transverse shear and normal stresses. The closed-form equations are found to be accurate
when compared to the line-spring model, and to provide reasonable results when compared to a three-dimensional ﬁnite
element model of a bonded repair. Inaccuracies are shown to exist principally in the determination of the nominal stresses
in the vicinity of the crack.
 2006 Elsevier Ltd. All rights reserved.
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A bonded composite repair consists of a ﬁlamentary composite reinforcement that is bonded to a damaged
or weakened structure to reduce stresses and prevent or reduce continuing damage growth. Such repairs are an0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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Nomenclature
a half crack length
t thickness or distance from centre of crack
u crack face deﬂection
y coordinate taken from centre of crack
z coordinate taken from plate centre line
k spring stiﬀness
c spring compliance
D plate bending constant, Et3/12
G strain energy release rate or shear modulus
K stress intensity
E Young’s modulus
S stiﬀness ratio, Ertr/Eptp
M line moment, or moment per unit length acting on a cut in a plate
N line force, or force per unit length acting on a cut in a plate
Y geometry correction factor
Greek symbols
a normalized crack length
h rotation
l shear modulus
m Poisson’s ratio
g eﬀective Poisson’s ratio for transversally isotropic plate, g ¼ mz ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃE=Ezp
r stress
j parameter arising from diﬀerential equations
Subscripts
p plate
r reinforcement
a adhesive
m membrane
b bending
Superscripts
r reinforced result from interpolation model
n numerical result from line-spring model
0 nominal result without including crack bringing springs
1 long-crack limit result including crack bringing springs
z transverse property
pres. correction for transverse pressurization
shear correction for transverse shear
R.J. Clark, D.P. Romilly / International Journal of Solids and Structures 44 (2007) 3156–3176 3157eﬀective method by which to extend the life of aircraft structures, oﬀering advantages in eﬀectiveness, weight,
proﬁle, application time, cost, and inspectability when compared to mechanically fastened repairs. Bonded
composite repairs have seen signiﬁcant use in military applications but limited use in civil aviation, primarily
due to certiﬁcation issues. Repairs to primary or structurally signiﬁcant aircraft structures are required to meet
Damage Tolerance (DT) requirements, which are outlined in FAA Circular 25.571-1C (1998), eﬀectively
requiring an assessment of the residual life of the part and the development of an inspection schedule suitable
for the detection of damage before the failure of the structure. Accordingly, models are required for the pre-
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closed-form equations for the analysis of an unbalanced repair, where the patch is bonded to only one side
of a cracked structure, and induces out-of-plane bending by oﬀsetting the load path. Bending increases the
stress intensity in the underlying crack and causes adhesive peel stresses and bending of the repair that, if
not properly accounted for in the analysis, could lead to premature failure.
A signiﬁcant body of work exists for the analysis of bonded composite repairs, which can be separated into
two broad classes, balanced or double-sided repairs and unbalanced or single-sided repairs (Fig. 1). Closed-
form equations useful for composite repair design and damage tolerance analysis have existed for some time
for balanced repairs, in which patches are applied to both sides of a cracked plate or in which the repaired
plate exhibits a large degree of bending restraint due to underlying structure. The most signiﬁcant contribu-
tions have been from Rose (1981, 1982, 1988), who established an upper limit on the stress intensity for a very
long reinforced crack by means of an energy analysis. By using this long-crack solution as an upper limit and
the nominal, or unreinforced solution as a short-crack limit, Rose developed a very eﬀective interpolation for
cracks of arbitrary length. Wang and Rose (1998) have demonstrated that for extension of reinforced plates
the long-crack limit needs to be modiﬁed to account for the plane strain conditions present at the crack tip.
Clark and Romilly (submitted for publication-a) have developed a generalized plane strain line-spring model
for plate extension and developed a set of geometry correction factors for ﬁnite thickness plates which allows
for accurate determination of both the stress intensity and crack opening displacement in balanced repairs.
The closed-form equations of Rose have been adapted to the analysis of repairs with ﬁnite planar dimensions
via the inclusion analogy (Rose, 1981), with signiﬁcant shear lag in the composite patch (Jones et al., 1983), for
partially disbonded repairs (Baker, 1993,Clark and Romilly, 2001), and for tapered repairs (Albat and Rom-
illy, 1999). These closed-form methods allow for simpliﬁed damage tolerance analysis, reliability assessment,
and design optimisation of repairs.
There is much interest in the application of unbalanced repairs, as often only one face of a structure is
exposed. Often the interior structure of the aircraft does not provide restraint against bending, and application
of the repair will result in signiﬁcant out-of plane loading due to a shift in the neutral axis. For balanced
repairs, failure typically occurs by progressive cracking and adhesive disbonding. Composite ﬁbre and matrix
failures are rare except in the presence of compressive loading or bending induced by geometric details or lack
of restraint. For unbalanced repairs, composite failure mechanisms such as inter-ply delamination and frac-Fig. 1. Repair conﬁgurations: balanced (top) and unbalanced (bottom).
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the failure modes and damage locations observed in both laboratory and in-service military use of bonded
repairs. They conclude that, besides substrate cracking and cohesive disbonding of the repair, damage toler-
ance assessment should include ﬁbre failure, adhesive failure, cohesive failure at the patch-adhesive interface,
adhesive failure at the adhesive-substrate interface, plus inter-laminar failure and delamination. These aspects
are reﬂected in the FAA circular, which requires the assessment of the repaired structure, adhesive, and com-
posite repair, including impact damage, inter-ply delamination, and adhesive disbonding. To streamline the
design and certiﬁcation of repairs, particularly single-sided repairs, closed-form methods are needed to assess
the eﬀects of bending on the rate of failure of the repaired structure, but perhaps more importantly, methods
are required to assess the life and strength of the repair itself under bending and transverse normal (peel)
stresses.
Many studies have been carried out in an eﬀort to characterize the eﬀect of bending. The ﬁrst result is due to
Ratwani (1979) who developed a bending correction factor by adding the bending stress expected in the outer
ﬁbre of the plate to the nominal stresses in the crack plane, allowing the results for a symmetric repair to be
applied to a one-sided repair. Early ﬁnite element studies by Jones (1983), set out the framework by which
two-dimensional ﬁnite element models of plates can be extended to the analysis of adhesively bonded layered
plates. Several studies have focussed on producing numerical methods such as three-layer ﬁnite element anal-
yses (Arendt and Sun, 1994; Schubbe and Mall, 1999), boundary element methods (e.g. Wen et al., 2002), or
automated damage growth in fully three-dimensional models (e.g. Papanikos et al., 2005) in order to predict
the life of a repaired structure. The focus of this article is the development of closed-form methods that are
easily adaptable to damage tolerance or reliability analysis and design optimisation. As for the analysis of bal-
anced repairs, Australian researchers have led the ﬁeld in the development of closed-form methods. Rose
(1988) developed a bending correction factor for the long-crack case that includes geometrically nonlinear
(stress-stiﬀening) eﬀects by considering the adhesive as providing a rigid bond and applying an energy analysis
to determine the strain energy release rate for a very long-crack. More recently, Wang and Rose (1997) have
developed an expression for the total strain energy release rate for a long-crack bridged by coupled bending
and extensional springs, and a method for separation of this strain energy release rate into the membrane and
bending stress intensity components. Unfortunately, by comparison to a three-dimensional ﬁnite element anal-
ysis, they concluded that their energy method signiﬁcantly over-predicts the bending stress intensity and thus
was not valid or useful for the design of a repair. Wang et al. (1998) went on to develop an analytical approach
for separation of the strain energy release rate (expressed as the root-mean-square stress intensity) by assum-
ing that the bending and membrane components act in the same ratio regardless of the length of the crack. By
considering the short-crack limit, where the springs bridging the crack faces do not provide any constraint to
the motion of the crack faces, the membrane and bending stress intensity components are linearly related to
the membrane and bending stresses in the substrate in the plane of the crack, and this ratio could easily be
determined. They continued by developing an interpolation between the long-and short-crack limit solutions
for the root-mean-square stress intensity, allowing the membrane and bending stress intensity to be calculated
for a crack of arbitrary length. Unfortunately, as this approach assumes that the membrane and bending stress
intensities act in the same proportion for any crack length, the validity of the approach must be assessed on a
case-by-case basis, particularly if it is to be extended to nonlinear analysis of a repair or to new repair geom-
etries. This approach also provides no information regarding the stresses in the adhesive or the composite
patch near the crack.
Through the work of Australian researchers (primarily Rose and Wang), closed-form equations exist that
establish a conservative upper limit on the root-mean-square stress intensity at the crack tip. Unfortunately,
the energy methods that have been very successful for the analysis of tensile loading of double-sided repairs,
have otherwise been abandoned in favour of line-spring models for analyzing the case of coupled bending and
extension (Rose and Wang, 2002). In a recent conference paper, Romilly and Clark (2005) stated that a cor-
rected form of the energy method of Wang and Rose (1997), which establishes long-crack limits for the mem-
brane and bending stress intensity in a repair, is in fact very accurate when compared to the predictions of
generalized plane strain line-spring models which capture the three-dimensional behaviour of the plate near
the crack tip. In this article, the authors continue by fully describing the line-spring model and using it to val-
idate an interpolation approach that is valid for cracks of arbitrary length. This methodology and the resulting
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for both the membrane and bending stress intensity and the crack face displacements, which may be related to
the stresses in the adhesive and in the composite patch.2. A methodology for patch damage tolerance assessment
In keeping with the two-step approach introduced by Rose (1981, 1982), several elements are required to
complete the analysis of a bonded composite repair. The ﬁrst step is to determine the stresses in the plane
of the crack for the prospective repair. Due to load transfer from the plate to the patch, this stress will nor-
mally be reduced from the stress in the plate before application of the repair. The second step is to perform an
analysis to determine the stress intensity and the stresses in the repair in the region of the crack. To achieve
this, it is ﬁrst necessary to characterize the stiﬀness of the repair as it acts to restrain the opening of the crack.
Once these two steps are completed, a crack-bridging model is used to predict the stress intensity in the plate
and the stresses in the adhesive and the composite repair. This is usually achieved by interpolation between
limit states developed from an energy analysis of a very long-crack bridged by springs and a very short crack
without reinforcement. The resulting interpolation solution is applicable to a crack of arbitrary length.2.1. Stress in the crack plane
The work of Wang and Rose (1999) provides a set of useful expressions for the plate stresses in the vicinity
of the crack. By their analysis one can consider that the shear and peel stresses in the adhesive bond joining the
repair patch to the plate will vanish in areas remote from the edges of the repair, the plate and repair may be
considered to be rigidly bonded, and that the membrane and bending stresses in the plate may be calculated by
considering the structure to be a simple composite beam. The neutral axis of the combined structure is oﬀset
from the centreline of the repaired plate by a distance z, calculated as follows:z ¼ Sðtp þ trÞ
2ð1þ SÞ ð1ÞThe moment of inertia of the reinforced plate is then calculated fromI t ¼
t3p
12
þ tpz2 þ ErEp
t3r
12
þ tr tp
2
þ tr
2
 z
 2 
ð2ÞWith these two quantities deﬁned, the membrane and bending stress under a remote applied extensional
stress, ra, are given as follows:r0m ¼ ra
1
1þ S þ
t2pz
2
I t
 !
ð3Þ
r0b ¼ ra
t2pz
2I t
ð4ÞFor nonlinear bending of a repair of large planar extent with low bending restraint, the neutral axis will
move to the load line upon the ﬁrst instance of loading and the moment carried by the patched structure
at the crack plane will vanish. In this case, the stresses on the crack plane simplify to r0m ¼ ra=ð1þ SÞ and
r0b ¼ 0.2.2. Characterization of crack-bridging springs
To perform the crack-bridging analysis of a repair, it is necessary to model the patch as a set of springs
bridging the crack faces. The desired result is a set of spring constants relating the crack-opening stresses
to the displacement of the crack face
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rb
 
¼ kmm kmb
kbm kbb
 
um
ub
 
ð5ÞBy inversion of Eq. (5), the springs may also be characterized using a compliance matrix, as shown below:um
ub
 
¼ cmm cmb
cbm cbb
 
rm
rb
 
ð6ÞThe spring compliance coeﬃcients are determined by the analysis of a bonded lap joint that is equivalent in
geometry and composition to the cross-section of the repair taken in the region of the crack. The governing
equations for a bonded joint under tension and bending are originally from Volkersen (1938), and from
Goland and Reissner (1949), and may be expressed in terms of the adhesive stresses ass000a ðxÞ  j2ms0aðxÞ ¼ 0 ð7Þ
r0000a ðxÞ þ 4j4braðxÞ ¼ 0 ð8ÞThe two characteristic parameters jm and jb describe the shear and bending response of the joint. By apply-
ing the boundary conditions at the crack face, the compliance of the springs bridging the crack faces is derived
in Appendix A. The derivation follows the method of Wang and Rose (1997) with the exception of the treat-
ment of the adhesive shear stress boundary conditioncmm ¼ tpjm
1
Ertr
þ 1
Eptp
þ 3ðtr þ tpÞ
Ert2r
 
þ t
2
p
2jbDr
tr þ tp
2
 
ð9Þ
cmb ¼
t2p
jm
1
Ert2r
 1
Ept2p
 !
þ t
3
p
12jb
1
Dr
þ 1
Dp
 
ð10Þ
cbb ¼
t3p
12jb
1
Dr
þ 1
Dp
 
ð11Þ
cbm ¼
t2p
2Drjb
tr þ tp
2
 
ﬃ 3cmb ð12ÞAs found by Wang and Rose, c is asymmetric. This asymmetry is required to satisfy Maxwell’s reciprocal
theorem, whereby it can be shown that the compliance matrix must obey the relationship cbm = 3cmb. For a
linear system, a set of forces is related to a set of displacements at the points of application of the forces by a
symmetric compliance matrix, denoted here as Cu ¼ ½CF ð13Þ
For a moment acting on a plate, the moment may be equivalently expressed as a pair of forces as shown in
Fig. 2.
For the bending and membrane stress distributions shown in Fig. 2, the equivalent forces are given as
follows:Fig. 2. Equivalency of forces and moments.
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tprb
6
ð14Þ
F m ¼ tprm ð15Þ
The compliance matrix may now be expressed in terms of the bending and membrane stresses and
displacementsum
ub
 
¼ Cmm Cmb
Cbm Cbb
 
F m
2F b
 
¼ tp
Cmm
Cmb
3
Cbm
Cbb
3
" #
rm
rb
 
ð16ÞBy Maxwell’s reciprocal theorem, Cmb = Cbm. Comparison with Eq. (6) shows that for the spring compli-
ances, cbm = 3cmb. Small variations from this relationship will also result from approximations made during
the derivation of the bonded joint model. For example, the simple analytical models described by Eqs. (7) and
(8) do not include bending moments in the adherends caused by adhesive shear stresses acting at the adherend/
adhesive interface. Coupling of extension and bending results only from equilibrium and compatibility
requirements employed during the application of the boundary conditions, and small errors will result because
the bonded joint model and boundary conditions are inconsistent. Additional minor errors will arise if the
adhesive thickness is ignored during derivation of the bonded joint model but included when one determines
the boundary conditions.
2.3. Long-crack limit behaviour
Within the crack-bridging analysis, the long-crack limit behaviour of a repair may be determined by energy
analysis (Rose, 1982,Wang and Rose, 1997), providing a limiting value for the stress intensity in the plate. To
analyze linear coupled bending and extension of a repair, Wang and Rose (1997) have developed an energy
method for the separation of the membrane and bending components of the stress intensity in the repaired
structure. In this paper, the authors have corrected their method to account for asymmetry of the compliance
matrix and the presence of plane strain conditions at the crack tip, as found by Kotousov and Wang (2002) for
extension of cracked plates, and by Clark and Romilly (submitted for publication-b) for plate bending. The
model is also expressed in terms of the membrane and bending stresses in the plane of the crack to be consis-
tent with the line-spring models developed by Clark and Romilly (submitted for publication-a, submitted for
publication-b).
Rose (1981, 1982, 1988) observed that for a very long reinforced crack, the stresses near the crack tip
become independent of crack length. The strain energy released with an increment of crack growth may then
be found from the diﬀerence in stored elastic energy between strips of material far removed from the crack tip.
One strip is located over the middle of the long-crack, and its displacement is governed by the stretch of the
springs bridging the crack. The other is well away from the crack and is undisturbed by the singular stress
ﬁeld near the crack. The diﬀerence in stored energy between the two strips is given by the energy stored in
the springs bridging the crack. For a very long reinforced crack, the energy available to drive crack growth
will then be equal to the strain energy stored in the springs, and is evaluated as follows (Wang and Rose,
1997):G1 ¼ 1tp
R tp=2
tp=2 rðzÞuðzÞdz ¼ 1tp
R tp=2
tp=2 rm þ rb 2ztp
 
um þ ub 2ztp
 
dz ¼ cmmr2m þ 2cmbrmrb þ 13 cbbr2b ð17ÞBased on the results of the generalized plane strain models for extension (Kotousov and Wang, 2002) and
bending (Clark and Romilly, submitted for publication-b) of plates, the crack tip must be in a state of plane
strain. The strain energy release rate at the outer ﬁbre of the plate will have two components, one for bend-
ing and one for extension. Here, Kb and Gb are the stress intensity and strain energy release rate at the outer
ﬁbreG1 ¼ Gm þ 1
3
Gb ¼ 1 g
2
Ep
K2m þ
1
3
K2b
 
ð18Þ
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K1b
 
¼ dmm dmb
dbm dbb
 
rm
rb
 
ð19ÞAs for the spring compliance matrix, by Maxwell’s reciprocal theorem, the authors will demonstrate that
dbm = 3dmb. This is a signiﬁcant correction to the method of Wang and Rose (1997). Since 1997, it has also
been shown by that plane strain conditions will always exist at the crack tip, and the stress intensity at any
point along the crack front can be related to the crack face displacement as follows, where r is the distance
from the crack tip:K ¼ lim
r!0
Ep
4ð1 g2Þ
ﬃﬃﬃﬃﬃ
2p
r
r
uðrÞ ð20ÞIn the region of the crack tip, Eq. (20) can be rewritten as follows:lim
r!0
Ep
4ð1 g2Þ
ﬃﬃﬃﬃﬃ
2p
r
r
umðrÞ
ubðrÞ
 
¼ dmm dmb
dbm dbb
 
rm
rb
 
ð21ÞBy the same argument used for the spring compliances (comparison with Eq. (16)) it can be stated that
dbm = 3dmb. Substitution of Eqs. (19) into (18) provides a second expression for G1, which is a corrected ver-
sion of that given by Wang and Rose (1997)EpG1
1 g2 ¼ d
2
mm þ 3d2mb
	 

r2m þ 2dmb dmm þ dbbð Þrmrb þ d2mb þ d2bb=3
	 

r2b ð22ÞRepeated diﬀerentiation of Eqs. (17) and (22) with respect to the applied stresses will lead to a set of equa-
tions solvable for the coeﬃcients of matrix d, as follows:d2mm þ 3d2mb
	 
 ¼ cmb Ep
1 g2 ð23Þ
dmb dmm þ dbbð Þ ¼ cmb Ep
1 g2 ð24Þ
d2mb þ d2bb=3 ¼
1
3
cbb
Ep
1 g2 ð25ÞA unique solution is found by noting that dm, db must be positive and non-zero, leading to a system of equa-
tions solvable for the coeﬃcients of matrix d. It is convenient to deﬁne three intermediate variablesA ¼ cmm Ep
1 g2 ; B ¼ cmb
Ep
1 g2 ; C ¼ cbb
Ep
1 g2 ð26ÞEqs. (23)–(25) may then be decoupled to form a single equation for dmmdmm þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C  Aþ d2mm
q  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A d2mm
q
¼
ﬃﬃﬃ
3
p
B ð27ÞEq. (27) has one positive real root, bounded by upper and lower limits given by
ﬃﬃﬃ
A
p
and
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A Cp . The correct
value of dmm may be found in this interval using a simple root ﬁnding procedure. The remaining coeﬃcients of
the d matrix follow:dbb ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C  Aþ d2mm
q
ð28Þ
dmb ¼ Bdmm þ dbb ð29ÞThe resulting long-crack limit membrane and bending stress intensities follow from Eq. (19), and the limit
spring displacements are given by Eq. (6). These corrected quantities deﬁne the eﬀectiveness of a repair and are
essential for the development of an interpolation applicable to repaired cracks of arbitrary length.
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This section describes the development of a new engineering model for the stress intensity and crack open-
ing displacement for bridged cracks of arbitrary length. These quantities may be estimated by developing an
interpolation between the long-crack limit solutions given by Eqs. (19) and (6), and the nominal solutions for
an unreinforced crack. In both cases, the stresses given by Eqs. (3) and (4) are assumed to act to open the
crack. The ﬁrst step is to establish the short-crack limit, or nominal solutions for a through-thickness crack
without reinforcing springs. For ﬁnite thickness plates, Clark and Romilly (submitted for publication-a, sub-
mitted for publication-b) have developed a set of geometry correction factors by using generalized plane strain
models for extension and bending of plates. These correction factors account for the through-thickness mate-
rial properties and the thickness of the plate. For the stress intensity, they take the following form:Y pres:k ðaÞ ¼ 1þ
a1:5
a1:5 þ 1:5
 
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 g2p
q  1
0
B@
1
CA ð30Þ
Y sheark ðaÞ ¼ 1
a1:2
a1:2 þ 3:5
 
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mp
3þ mp
s !
ð31ÞUsing these correction factors, the nominal membrane and bending stress intensity follow:K0m ¼ Y pres:k apres:m
	 

r0m
ﬃﬃﬃﬃﬃ
pa
p ¼ Y kmr0m
ﬃﬃﬃﬃﬃ
pa
p ð32Þ
K0b ¼ Y pres:k apres:b
	 

Y sheark a
shear
b
	 

r0b
ﬃﬃﬃﬃﬃ
pa
p ¼ Y kbr0b
ﬃﬃﬃﬃﬃ
pa
p ð33Þ
Eqs. (34) and (35) provide the necessary geometry correction factors for the maximum displacement of the
crack faces, which occurs at the centre of the crack.Y pres:d ðaÞ ¼ 1þ
a1:5
a1:5 þ 2:5
 
1
1 g2p
 1
 !
ð34Þ
Y sheard ðaÞ ¼ 1
a1:3
a1:3 þ 5
 
1 1þ mp
3þ mp
 
ð35ÞWithout any crack-bridging springs, the extensional and bending displacements of the crack faces under the
action of the crack-opening stresses, r0m and r
0
b, will then beu0m ¼ 2Y pres:d ðapres:m Þ
r0mð1 g2pÞ
Ep
a ¼ 2Y dm
r0mð1 g2pÞ
Ep
a ð36Þ
u0b ¼ 2Y pres:d ðapres:b ÞY sheard ðashearb Þ
r0mð1 g2pÞ
Ep
a ¼ 2Y db
r0mð1 g2pÞ
Ep
a ð37ÞEach of the correction factors is a function of a, a normalized crack length that accounts for the eﬀects of
the transverse properties and thickness of the plate. The three normalized crack lengths characterize the eﬀects
of transverse normal stresses in extension, transverse normal stresses in bending, and transverse shear in bend-
ing, respectively,apres:m ¼
2a
tp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 1þ mzp
 r
ð38Þ
apres:b ¼
2a
tp
mzp
g
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
15Ep
Gzp
s
ð39Þ
ashearb ¼
2a
tp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6Gzpð3þ mpÞ
Ep
s
ð40Þ
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The long-crack limit stress intensities may be calculated using Eq. (19), and the corresponding long-crack limit
displacements are given by Eq. (6). At this point the authors propose a new method of interpolation between
these limits to establish the state of a reinforced crack of arbitrary length. For the case of coupled extension
and bending, a very eﬀective interpolation may be achieved by considering the stiﬀness of both the cracked
plate and the crack-bridging springs. Eqs. (36) and (37) may be inverted to develop expressions for the stiﬀness
of the cracked platekpm ¼
r0m
u0m
¼ Ep
1 g2p
 !
1
2Y dma
ð41Þ
kpb ¼
r0m
u0b
¼ Ep
1 g2p
 !
1
2Y dba
ð42ÞA stiﬀness matrix for the as-reinforced crack may now be developed by considering the crack and the patch
as a set of springs acting in parallel. The result is an as-reinforced stiﬀness matrix applicable to repaired cracks
of arbitrary lengthr0m
r0b
 !
¼ kmm þ k
p
m kmb
kbm kbb þ kpb
 
urm
urb
 
ð43ÞBy inverting the combined stiﬀness matrix of Eq. (43), a new compliance matrix may be generated for any
particular crack length that accounts for the stiﬀness of the cracked plateurm
urb
 
¼ c
r
mm c
r
mb
crbm c
r
bb
 
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r0b
 !
ð44ÞThe as-reinforced crack face displacements can now be calculated directly, and the as-reinforced membrane
and bending stress intensity may be calculated by applying the new compliance matrix to the energy method
described in Section 2.3. This is a new application of the energy method, which has in the past only been used
to calculate long-crack limit solutions. This method of interpolation does not require any assumptions regard-
ing the ratio of the membrane and bending components, overcoming a signiﬁcant problem with the method of
Wang et al., 1998.
This new approach to the interpolation allows for the simpliﬁed analysis of linear coupled bending and
extension of a repair and includes the eﬀects of transverse normal and shear stresses and accompanying shear
deﬂections. It is a valuable tool for patch design and damage tolerance. In subsequent sections, this new inter-
polation model will be validated against a numerical line-spring model for generalized plane strain plates and
against a three-dimensional ﬁnite element model of a bonded composite repair.3. A line-spring model for crack-bridging
In this section we combine the generalized plane strain crack-bridging models for extension and bending
(Clark and Romilly, submitted for publication-a, submitted for publication-b) to address the problem of a
crack bridged by coupled springs. The results will be used to validate the closed-form equations developed
in Section 2 above. The springs bridging the crack are characterized by Eq. (5), i.e. the stiﬀness matrix relating
the membrane and bending stresses to the crack face displacements. Using an approach similar to that of
Wang and Rose (1999), the line-spring models for extension and bending may be combined to include the
eﬀect of the coupling springs. The signiﬁcant diﬀerences in the current approach are the use of the generalized
plane strain plate models and the choice to express the bending moment and displacement in terms of the
crack face displacement and the bending stress in the outer ﬁbre of the plate. The generalized plane strain plate
models lead to additional terms that account for pressurization and transverse shear about the crack tip. This
leads to the following set of coupled Fredholm integral equations with hyper-singular integrands that are solv-
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crack face, and the right side describes the reaction of the plater0mðyÞ  kmmumðyÞ  kmbubðyÞ ¼
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In Eqs. (45) and (46), the following parameters characterize the through-thickness properties of the plate:jpres:m ¼
2
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ð49ÞThe functions Lpres.(z) and Lshear(z) describe the eﬀects of pressurization and transverse shear stresses acting
near the crack tip. If the Lpres.(z) functions are neglected, the line-spring model will take the form for classical
plane strain extension and the form for plane strain plate bending with shear deﬂections (i.e. plate bending
according to the Mindlin formulation). If the term Lshear(z) is also removed, then the eﬀects of transverse shear
stresses and the accompanying shear deﬂections will be removed. The formulation of Wang and Rose (1999)
can be recovered by neglecting the pressurization terms, removing the plane-strain modiﬁcation of the
Young’s modulus, and using isotropic rather than transversely isotropic material properties. The functions
Lpres.(z) and Lshear(z) have the following form, where Kn are various orders of modiﬁed Bessel functions of
the second kindLpres:ðzÞ ¼ 2 1þ 3
z2
 
K2ðzÞ  12z4 
1
z2
ð50Þ
LshearðzÞ ¼  48
z4
þ 4
z2
þ 4ðK2ðzÞ  K0ðzÞÞ þ 24z2 K2ðzÞ ð51ÞThe domain of the integration in Eqs. (58) and (59) may be normalized with respect to the half-crack length,
a, and the displacements expanded using Chebyshev polynomials of the second kindUiðrÞ ¼ sinððiþ 1Þ cos1ðrÞÞ=
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1 r2
p
ð52ÞFor this set of orthogonal polynomials, the weight function is given byW ðrÞ ¼
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ð53ÞGiven this expansion, the crack face displacements may now be decomposed as follows:umðrÞ ¼
X
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W ðrÞUiðrÞfi ð54Þ
ubðrÞ ¼
X
i
W ðrÞUiðrÞgi ð55ÞChoosing a set of collocation points, a coupled linear system may now be deﬁned from Eqs. (45) and (46),
which may be solved for the expansion coeﬃcients
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ð56ÞIn this system, the matrix coeﬃcients have the following deﬁnitions:Ai;j ¼ Ep
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Analytical solutions exist for the logarithmic parts of Lshear(z) and Lpres.(z), but the regular parts require
numerical integration. The term Vi,j arises from the logarithmic singularity, and may be solved analytically,
as demonstrated by Joseph and Erdogan (1987, 1989) and by Wang and Rose (1999). To evaluate the regular
part, the authors used Gauss–Chebyshev quadrature, as suggested.Lsheari;j ¼
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: ð63ÞFor the generalized plane strain plate models, the stress intensities in extension and bending may be found
from the expansion coeﬃcients in the following manner:Knm ¼
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ðiþ 1Þgi ð65ÞThese stress intensity results will be compared to the interpolation model results and ﬁnite element results in
Section 4.1.
The displacement of the crack faces may be related to the line-forces carried by the springs via Eq. (5).
Expressing the membrane and bending stresses as their line-force equivalents:NxðyÞ ¼ 2hðkmmumðyÞ þ kmbubðyÞÞ ð66Þ
MxðyÞ ¼ 2
3
h3ðkbmumðyÞ þ kbbubðyÞÞ ð67ÞGiven the crack face displacements, these expressions for loading may be used to predict fatigue cracking
and/or rupture of the springs (i.e. the patch materials) bridging the crack faces as required for patch design
and/or damage tolerance assessment.
4. Comparison to ﬁnite element models
In this section, ﬁnite element models are used to determine the eﬀectiveness of the closed-form equations.
The stress intensities and crack face displacements calculated using the closed-form equations and the line-
spring model are compared to a fully three-dimensional model of a bonded composite repair, the nominal
stresses under the repair and the compliance of the repair as it bridges the crack are investigated by the use
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to examine the nonlinear response of the structure.4.1. Stress intensity and crack face displacements
The authors have developed three-dimensional solid ﬁnite element models representing the AMRL (Aus-
tralian Maritime Research Laboratory) specimen, a specimen type that has been widely adopted for the inves-
tigation of the mechanics of bonded repairs (e.g. Baker 1993). The models have been validated against
mechanical testing of an instrumented specimen, during which strains were measured at nearly 100 positions
on the patch and repaired plate, including 40 strain gauges applied to the face of the composite repair as it
bridged the crack (Clark and Romilly, 2002). Fig. 3(a) shows the model in a large-plate conﬁguration for a
crack length of 160 mm. Note that due to symmetry only one-quarter of the plate is modelled with the appro-
priate symmetry boundary conditions applied. This model geometry is designed to test the closed-form equa-
tions and line-spring model for the idealized case from which they where derived. Fig. 3(b) shows a close-up of
the elements near the crack tip, with some elements removed to show the repair patch, epoxy, and plate layers.
The crack face is identiﬁed by the cross-hatched region in Fig. 3.
The ﬁnite element models were developed using the ANSYS ﬁnite element software, utilizing three-dimen-
sional 20-node brick elements and 15-node wedges. The wedge elements employ quarter-point mid-side nodes
to model the singularity at the crack tip, from which the stress intensity was calculated using the stresses at
three integration points in the wedges ahead of the crack tip. This stress-based approach allowed for accurate
evaluation the stress intensity as it varied through the thickness of the plate. Validation models demonstrated
stress intensities accurate to within 2% compared to theoretical models corrected for through-thickness eﬀects.
The material properties and dimensions applied in the ﬁnite element models are given in Table 1. Note that forFig. 3. Three-dimensional ﬁnite element model of a repair.
Table 1
Material properties and dimensions
Property Boron/epoxy patch FM-73M adhesive 2024-T3 aluminum plate
Elastic modulus, E 210 GPa 2.14 GPa 72.4 GPa
Shear modulus, G 7.24 GPa 0.805 GPa 27.2 GPa
Poisson’s ratio, t 0.21 0.33 0.33
Thermal expansion, a 4.61 le/C 50.0 le/C 23.45 le/C
Thickness, t 0.924 mm 0.25 mm 3.125 mm
R.J. Clark, D.P. Romilly / International Journal of Solids and Structures 44 (2007) 3156–3176 3169the purposes of this paper, the patch was modelled as an isotropic solid to remove the complicating eﬀects of
transverse shear and peel deformations as would otherwise exist in an orthotropic composite.
The membrane and bending stress intensities are the average stress intensity and the stress intensity at the
outer ﬁbre of the plate, respectively, as found from the average and the ﬁrst moment of the stress intensity
taken through the thickness of the plate. These quantities were calculated using a linear least-squares ﬁt to
the stress intensities found at the integration points through the thickness of the plate. To determine the actual
transverse variation of the stress intensity through the thickness of the plate would require the use of many
elements, as a thin boundary layer exists at the top and bottom surfaces. However, convergence studies have
shown that few elements are required to obtain accurate values for the plate-averaged quantities, km and kb.
The three-dimensional ﬁnite element models employ two elements through the thickness of the plate, enough
to ensure that errors due to through-thickness mesh reﬁnement are much smaller than the 2% error resulting
from stress intensity determination.
Figs. 4 and 5 show the membrane and bending stress intensities predicted by the interpolation model and by
the line-spring model when compared to the large plate ﬁnite element model, under a remote applied stress of
1 MPa. The nominal results are the membrane and bending stress intensities that would arise if the patch only
acted to reduce the stresses in the underlying plate but did not act to restrict the opening of the crack. For both
the interpolation model and the line-spring model, the nominal stresses were calculated using plane strain
results from a two-dimensional ﬁnite element model, as described in Section 4.2, and the spring stiﬀnesses were
calculated using the plane strain analytical results from Section 2.2.
The interpolation and line-spring models provide very similar results for short cracks but diverge when the
crack length becomes large. For long-cracks, the line-spring model develops errors due to the increasing
importance of the higher order Chebychev polynomials and the errors arising from numerical integration
of the regular parts of the hyper-singular integrals. For relatively short cracks with a < 50 mm, the interpola-
tion model membrane stress intensity is lower by less than 2% and the interpolation model bending stress
intensity is higher by as much as 10% when compared to the FEM results. This 10% error can be attributed
in roughly equal parts to three sources. First, Eq. (31) slightly over-predicts the nominal stress intensity forFig. 4. Membrane stress intensity.
Fig. 5. Bending stress intensity.
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during the development of the spring compliance matrix lead to disproportionately large errors for this crack
length and last, the interpolation method is approximate and errors of up to 5% should be expected. The ﬁnite
element results are generally lower than those calculated using either analytical model, a diﬀerence that could
arise from a number of sources. Using the limited academic version of ANSYS, it is diﬃcult to include enough
elements in the adhesive layer near the crack, and at the same time model a repaired plate of large planar
extent. An insuﬃciently dense mesh would cause the repair to appear to be overly stiﬀ and artiﬁcially reduce
the stress intensity and crack face displacement.
Figs. 6 and 7 compare the membrane and bending crack face displacements calculated using the interpo-
lation model and the line-spring model to the results of the large-plate ﬁnite element model.
The crack displacement results follow a similar trend to that observed for the stress intensities. For short
cracks with a < 50 mm, both the interpolation model membrane and bending displacements are lower by less
than 4% when compared to the FEM results. For long-cracks the interpolation and line-spring model results
diverge for the same reasons as stated above. In both cases, interpolation provides reasonable results, and the
long-crack limits established by the energy analysis are obeyed. This contradicts the ﬁndings of Wang and
Rose (1997), who, by comparison to a three-dimensional ﬁnite element model, observed that the energy
method signiﬁcantly over-predicts the bending stress intensity and is not a useful approach. This supports
the validity of the modiﬁcations described in Section 2, i.e. that the crack tip must be considered to be in a
state of plane strain and that Maxwell’s reciprocal theorem must be satisﬁed in the manner shown. In the nextFig. 6. Membrane crack face displacement.
Fig. 7. Bending crack face displacement.
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calculate the crack opening pressures and the deﬁnition of the spring constants.4.2. Spring stiﬀness and nominal stress determination
The composite beam model used to calculate the nominal stresses under a repair is, strictly speaking, only
applicable to a very large patch without boundary conditions that lead to restraint against bending. The eﬀect
of a ﬁnite patch applied to a plate with rotational constraints at the grips can be estimated using ﬁnite element
analysis. Using the same materials and geometry as were used for the large plate ﬁnite element model, a two-
dimensional ﬁnite element model has been developed for this purpose and to calculate the compliance of the
repair as it bridges the crack. This model has been validated against load-deﬂection curves, strain gauge data,
and lateral deﬂections from experiments (Clark and Romilly, 2003). Fig. 8 shows the ﬁnite element mesh and
boundary conditions for two conﬁgurations of the model, one with a crack under the patch (top), and an
uncracked version used to calculate the nominal stresses under the repair (bottom).
In this particular analysis, the bonded repair is assumed to be isotropic to eliminate composite deforma-
tions that cannot be predicted using the bonded joint equations presented in this paper. Fig. 9 shows the nom-
inal stresses predicted by the closed-form equations for a remote applied stress of 1 MPa. Both the ﬁnite
element and closed-form equation results are shown for two cases: plane stress and plane strain. It is likely
that the correct case is the intermediate one of generalized plane strain, where the structure is allowed to
deform uniformly in the transverse direction. For the AMRL geometry, it is seen that the closed-form equa-
tions provide reasonable results, but that there are suﬃcient diﬀerences to account for the errors observed in
the comparison of the line-spring and interpolation model results to the three-dimensional ﬁnite elementFig. 8. FE mesh showing the (a) cracked, (b) tapered, and (c) grip regions.
Fig. 10. Spring compliances.
Fig. 9. Nominal stresses.
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an over-estimate of the stress intensities and crack face displacements.
The other factor that would aﬀect the interpolation results is the calculation of the spring compliances.
Fig. 10 shows a comparison of the spring compliances predicted by the closed-form equations and the ﬁnite
element model. These displacements were derived by separately applying a uniform membrane stress and a
linearly varying bending stress to the face of the crack in the two-dimensional ﬁnite element model shown
above. Again, the results are shown for two cases, plane stress and plane strain.
The closed-form equations are shown to provide very reasonable results, generally slightly under-estimating
the stiﬀness of the patch when compared to ﬁnite elements. In the generation of Figs. 4, 6 and 7, the plane
stress closed-form equations were used, which when compared to the plane strain results, may demonstrate
a slight over-estimate of the compliance of the repair. As in the determination of the nominal stresses, the
actual state of the repair in the idealized large plate case is likely to be one of generalized plane strain, and
intermediate to the plane stress and plane strain results. Accordingly, it is diﬃcult to precisely determine what
role the spring stiﬀness equations might contribute to the diﬀerences observed between the three-dimensional
ﬁnite element models and the interpolation and line-spring models.4.3. Geometrically nonlinear bending and extension
Wang and Rose (1997) have suggested that nonlinear bending of repairs can be analyzed by calculating the
nominal stresses under the repair considering the eﬀects of stress-stiﬀening, and then applying these stresses as
crack-opening stresses in a crack-bridging analysis similar to the one provided above. The assumption is that
the additional displacements caused by the presence of the crack are small and localized and will not greatly
Fig. 11. Nonlinear variation of the membrane stress intensity.
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solution of the large-plate three-dimensional solid ﬁnite element model to those predicted by the interpolation
model. Here, the nominal stresses were determined from a nonlinear solution of the two-dimensional bonded
joint model described in the previous section. In this case, the authors have also included the eﬀects of thermal
residual strains arising during the curing process, and have used a crack length of 40 mm (see Fig. 11).
It is apparent that this approach leads to reasonable results for large loads, when the repair has largely
moved toward the load line and lateral deﬂections become less of a factor, but leads to poor results under
small loads, where nonlinear behaviour dominates. This eﬀect is not predicted using the method presented by
Wang and Rose. It should be noted that the AMRL specimen was not designed to test unbalanced repairs. It
employs a very thick plate and uses a patch of relatively small planar area relative to what would be used for
most aircraft structures, and hence is a very extreme test of the technology. It is possible that the approach
might work for a large and thin patch applied to a much thinner plate, where the eﬀects of induced bending
will be smaller. Accordingly, such a technique needs to be applied with caution (i.e. validated on a case-by-
case basis) or not at all. It assumes that the linear concept of superposition can be applied to a nonlinear
problem.5. Results and discussion
Through comparison with three-dimensional ﬁnite element results, it has been shown that the line-spring
and new interpolation models capture the crack-bridging behaviour of a repair. Also through comparison with
ﬁnite element analysis, it has been shown that the composite beam model may lead to some inaccuracies in the
determination of the nominal stresses acting under the repair. Factors aﬀecting its applicability include the
length of the repair, the support conditions, and the planar stress state assumed to exist in the repair (i.e. plane
stress or plane strain conditions). Some additional complicating eﬀects that have not been investigated for the
case of linear coupled bending and extension are the shape of the patch (whereby patches of ﬁnite planar
geometry are known to generally increase the stresses in the region of the repair) and the eﬀects of a highly
anisotropic composite patch. Another pressing issue is that, while the common bonded joint model presented
in this paper proved adequate in the case of an isotropic repair, the composite nature of a real repair is a com-
plicating factor in the determination of the compliance of the repair as it bridges the crack. The modelling of
such a hybrid bonded joint is complicated by many secondary eﬀects such as shear and peel (transverse nor-
mal) deformations that act to increase the compliance of the repair, pressurization of the adhesive due to peel
stresses, the plane state of the adherends and the adhesive, and the complementary shear deformations result-
ing from the rapidly changing bending stresses in the patch and plate. These eﬀects can be particularly impor-
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must be known. The alternative to accurately determining the adhesive stresses is to calculate the strain energy
release rate of the bonded joint system, which may be safely compared to experimental results for a similar
specimen under similar loading conditions to predict fracture and fatigue, but is not directly comparable to
any adhesive material property. This would necessitate a signiﬁcant amount of testing for each new combina-
tion of materials or for new loading combinations, which is currently the norm in the development of com-
posite airframe structures.
An additional issue that has not been addressed is the crack closure phenomenon that occurs on the com-
pressive side of the bending plate when the applied tensile loads are not suﬃcient to prevent closure. This has
been identiﬁed by Duong and Wang (2004) as one of the principal impediments to the prediction of the rate of
failure of a cracked plate under tensile and bending loads. They have proposed an eﬀective or modiﬁed stress
intensity to account for combined bending and tensile loads, but admit that their technique requires further
work before it can be used generally. The authors hope that the development of the generalized plane strain
plate line-spring models will prove useful in the analysis of this phenomenon. Crack closure would pose a non-
linear contact problem, which could be examined by using a one-dimensional ﬁnite element mesh along the
crack face instead of using Chebychev polynomials to obtain a numerical solution. Without a method to
address this issue, experimental veriﬁcation or very conservative means should be employed in the prediction
of failure, such as simply adding the membrane and bending stress intensities and comparing them to the crit-
ical stress intensity for the material or by using them together in the Paris equation. This approach should
prove to be conservative, as it will eﬀectively over-predict the energy available for fracture.
The ﬁnal issue addressed within this paper was the analysis of nonlinear deformations of the repair under
extensional loads. It was demonstrated that a linear crack-bridging analysis employing stresses found by a
geometrically nonlinear bending analysis of the uncracked structure is generally not adequate for the predic-
tion of the stress intensity of the repaired crack. Alternative means are required, whereby nonlinear analysis
must be used to establish the long-crack limit stress intensity factors and crack opening displacements.6. Concluding remarks
In this paper, the authors have, based on a corrected form of the energy method of Wang and Rose, devel-
oped a new interpolation model applicable to the analysis of bridged cracks under combined tension and
bending. The interpolation model has been tested against a line-spring model of for a generalized plane strain
cracked plate and a full three-dimensional analysis of a repaired plate, and proven to be very accurate for the
AMRL specimen geometry. Some deﬁciencies have been noted in the methods used to determine the nominal
stresses acting in the regions of the repair and in the extension of linear crack-bridging models to the analysis
of unbalanced repairs experiencing stress stiﬀening, and accordingly the authors urge bonded repair designers
to verify their results against ﬁnite element models or experiments when thick plates or repairs of limited pla-
nar dimensions are analysed. It has also been noted that for an anisotropic composite repair, standard bonded
joint models may not be adequate for the determination of the spring compliances or the prediction of disb-
onding and fracture. Prediction of the rate of failure or ultimate load of the structure is also complicated by
the lack of an adequate and widely accepted means of translating the stress intensities or adhesive stresses into
crack or disbond fracture or growth rates, which will continue to require the structural testing of repairs (and
composite structures in general) to determine their suitability for service.Appendix A. Calculation of spring compliances
The characteristic parameters governing the response of the bonded joint are given as follows:j2m ¼
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saðxÞ ¼ Aejmx ðA:3Þ
raðxÞ ¼ ½B cosðjbxÞ þ C sinðjbxÞejbx ðA:4ÞThe integration constants are determined by the boundary conditions of the joint. Of interest are the dis-
placements under the action of an applied force and moment acting on the plateNpð0Þ ¼ r0mtp ðA:5Þ
Mpð0Þ ¼ r0bt2p=6 ðA:6ÞThe force and moment acting on the reinforcement are determined considering equilibriumN rð0Þ ¼ r0mtp ðA:7Þ
M rð0Þ ¼ r0bt2p=6þ r0mtpðtp þ trÞ=2 ðA:8ÞThe ﬁnal condition is symmetry, which requires the transverse shear forces to vanishV pð0Þ ¼ V rð0Þ ¼ 0 ðA:9Þ
The stresses may be expressed in terms of the boundary conditions using the adhesive constitutive equa-
tions. The process is identical to that of Wang and Rose (1999), with the exception that here the shear forces
are made to vanish according to (A9). Wang and Rose included an extra term to balance the shear stress at the
edge of the adhesive layer, sa(0), which is of minor consequence and will vanish in a real joint. Eq. (A9)
requiresC = B, and the remaining constants are found to beA
jmta
Ga
¼ 1
Ertr
þ 1
Eptp
þ 3ðtr þ tpÞ
Ert2r
 
romtp þ
1
Ert2r
 1
Ept2p
" #
r0bt
2
p ðA:10Þ
B
j2bDrta
Ea
¼ tr þ tp
2
 
r0mtp þ
1
6
1þ Dr
Dp
 
r0bt
2
p ðA:11ÞThe displacements of the plate are then given by Eqs. (A12) and (A13)ubð0Þ ¼ tp
2
w0pð0Þ  w0rð0Þ
 
¼  tpta
2Ea
r0að0Þ ¼ jb
tpta
2Ea
B ðA:12Þ
umð0Þ ¼ taðupð0Þ  urð0ÞÞ þ ubð0Þ ¼ taGa Aþ jb
tpta
2Ea
B ðA:13ÞAt this point, the spring compliance coeﬃcients may easily be found, and are given by Eqs. (9)–(12).
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